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Abstract. We prove that a four-dimensional Lorentzian manifold that is 
curvature homogeneous of order 3, or CH3 for short, is necessarily locally 
homogeneous. We also exhibit and classify four-dimensional Lorentzian, CH2 
manifolds that are not homogeneous. 
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1. Introduction 

A pseudo-Riemannian manifold (M, g^ ) is locally homogeneous if the Lie algebra of 
Killing vector fields spans the tangent space at all points of M. We say that M is 
curvature homogeneous of order s, or equivalently that M belongs to class CHs if the 
components of the curvature tensor and its first s covariant derivatives are constant 
relative to some local frame. 

Local homogeneity implies curvature homogeneity of all orders. Remarkably, the 
converse is also true, in some fashion. Let us say that a manifold is properly CHs if 
it belongs to class CHg, but is not locally homogeneous. Singer showed that there 
does not exist a proper CHs manifold if s is larger than a certain invariant, called the 
Singer index [Tni [12] • More precisely, we have the following. 

Theorem 1.1 (Singer's criterion) Let (M,gij) be a CHs manifold of signature 
{p, q). Let Qt C q_i := so(p, q), r = 0, 1, . . . , s be the subalgebra that leaves invariant 
the arrays of constants R\^^i^^,VcR\i,^h^, ■■■ ,Vci„,c^R\f,^^^. Lf Qs-i = 3s, then M 
is locally homogeneous. 

Many examples of proper CHq Riemannian [141 and Lorentzian manifolds [1] 
are known. In the case of three-dimensional curvature homogeneous geometries, 
classification results are available [31 [TS]. See [TU] for additional references, and 
for examples of higher-dimensional proper CH manifolds of general signature. In 
4 dimensions, there are no proper CHi Riemannian manifolds [18^, but this is not true 
in the Lorentzian[2J and the neutral-signature setting[5j. At this point, no examples 
of four-dimensional, proper CH2 geometries seem to be known[IT|, leaving open the 
question of the value of the Singer index for four-dimensional, Lorentzian, curvature- 
homogeneous manifolds. 
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In this note we show that there are no four-dimensional, proper CH3 Lorentzian 
manifolds; see section 3. We also exhibit and classify all four-dimensional, proper CH2 
Lorentzian manifolds; see eqns. 

Our approach is to formulate the field equations for a CH geometry as an 
exterior differential system (EDS) on the second-order frame bundle[7J. The 
integrability constraints manifest as algebraic constraints (torsion in EDS parlance) 
on the curvature scalars. The classification is accomplished by deriving torsion-free 
configurations for the CH field equations corresponding to various algebraic types of 
the curvature tensor, and by using Singer's criterion to rule out the homogeneous 
subcases. See [12] for an introduction to EDS theory, see O [13] for a discussion of 
higher-order frames. See [8l[4] for some recent applications of EDS theory to relativity. 
We will use this method to classify proper CHi four-dimensional, Lorentz geometries 
in a forthcoming publication. 

2. The EDS for curvature- homogeneous geometries 

Let M be an n-dimensional, analytic manifold, and let gab be a fixed, non-degenerate 
bilinear form. Henceforth, we use gab to lower frame indices, which we denote by 
a,b,c = l,...,n. We use to denote local coordinates, where i,j = l,...,n are 
coordinate indices. Even though we are interested in the case oi n — A and gat 
of Lorentzian signature, much of the underlying theory can be given without these 
assumptions. 

Pseudo-Riemannian structure can be specified in two ways: as a metric, or as a 
(7afc-orthogonal moving frame. In the second approach, instead of using gij and r*^^, 
as unknowns in the field equations, the field variables are scalars 

the ^n^{n+3) components of a 2"'^order moving frame |13j . The metric and connection 
can then be recovered as 

9 13 = v^v^j gab-, 

r^^ = - v\v\u\,, 

where u*^ — 8\ is the inverse matrix of coframe components. It will be convenient 



to formulate the field equations in terms of 1-form variables 

a;" =v\du\ (1) 

<^\^v\{du\-u\,^% (2) 

which represent the coframe and connection 1-fornis. The equations 

di^" + ui\ A u;*" = 0, (3) 

{d<^\ + ui\ A ui\) A u;'' = 0, (4) 



the 1st structure equations and algebraic Bianchi relations, follow as tautologies. 

Let G = {X\ : XcaX\ = gab\ and g = {M\ : Mi^ab) = 0} denote, respectively, 
the N := ^n{n — l)-dimensional group of f^ab-orthogonal transformations and the 
corresponding Lie algebra of anti-self dual infinitesimal transformations. Let = 
(-^la) be a basis of g, and let C"^^ denote the corresponding structure constants. 
Henceforth, we use bivector indices a, (3,j — 1, . . . , N as gauge indices. Let F" denote 
the g- valued portion of the connection 1-forms; to be more precise, ijJ^ab] = -A/afcaT". 



dT'' + -C%T^ AT^ --R^^.u" A u;'= = 0, (7) 
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Particular instances of a CHq geometry are determined by an array of constants 
= —R"cb- '^^^ corresponding CHq field equations are as follows: 

(^{ab) = 0, (5) 

du^ab) = 0, (6) 

{Mp- R)%^r'^ Auj'' Auj'' = 0, (8) 

where 

(M^ . R)%, = C%R\^ - M\pR^^, - M%R%, (9) 

is the standard action of g on the vector space of g- valued curvature- type tensors. 
Equations ([5]) constrain the connection to be g-valued; this is equivalent to the 
compatibility of T^jf. and gij . Equations ([6|) and ([8]) are the compatibility conditions 
for ((U and respectively; one takes the exterior derivative of the latter to obtain 
the former. In particular, equations Q constrain the curvature 2-form, 

n\:=du;\ + u,'^,Au:% 

to be g-valued. Equations ([8|) express the differential Bianchi identities. Equations ([7]) 
(these are equivalent to the NP equations in 4D relativity) together with ([6]) express 
the condition for curvature homogeneity, namely 

n^^^Ml^R'^^.u^Au;^. 

Hence, as a consequence of (|4]), it is necessary to assume that the i?"^ satisfy the 
algebraic Bianchi identity, namely 

R%c^n]c. = 0. (10) 



2.1. The CHo class 

Set G_i := G and g_i := g, and let Go C G_i and go Q S-i be, respectively, the 
subgroup and the Lie subalgebra of frame transformations that leaves invariant the 
constant array R%^. As a system, equations dS])-® are invariant with respect to Go. 
Thus, Go serves as the reduced gauge group of the CHo field equations. Let us set 
Ni = dimfli and arrange the basis of g so that Ma, A = 1, . . . , A''_i — iVo is a basis of 
Q-i/qo and so that M^, ^ = A^_i — iVo + 1, ■ ■ ■ : N^i is a basis of the reduced subalgebra 
Qq. It is important to note that if go = then the Bianchi identities (HJ reduce 
to a trivial constraint. Consequently, equations ([3]) and ([7]) function as the structure 
equations of a homogeneous space — in this case a space of constant curvature. Thus, 
to obtain a proper CHq geometry it is necessary to assume that the inclusion go C g-i 
is proper. 

The components of the connection forms F" do not obey a meaningful 
transformation law with respect to the full group G. However, once we restrict our 
group to Go, we distinguish between two different kinds of connection forms : F^, 
whose components are not Go-equivariant, and 

r^ = r^a'^", (11) 

whose Go-equivariant components we treat as new scalar variables. By these 
new variables represent certain linear combinations of the first order jets 
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The obey the foUowing field equations: 



where 



Here 



dT\ hLj" + (Mj • r)^^ r« A + ^T^^ uj^ A w'^ = 0, (12) 



T^,, = -2 r^, r^[, A/",]^ + r^, v\ - r\,. (13) 



(Me . r)^, = c%v\ - Af^.^r^, (14) 

denotes the natural action of go on £(K", g_i/go), the space of linear maps from R" 
to 5-1 /go- Eqns. (|12p follow from ([7]) and from the exterior derivative of pT|) . 

Taken together, ([S])-® generate an exterior differential system. The total space 
is J^Af, the bundle of 2"'^order frames over M [13 . The variables u^,u^^,u^i^^ serve 
as local coordinates on 3^M. We impose the independence condition 

A--- Aw" 7^0, (15) 

which means that are to be regarded as independent variables, and u'j,^ as the 
field variables. An n-dimensional integral manifold with independence condition (|15p 
describes a (jafe-orthogonal moving frame with constant R^^.- From a theoretical point 
of view, however, it is more advantageous to consider [n + Afo)-dimensional integral 
manifolds with independence condition 

{/\oj^)A{/\T^)^0. (16) 

The latter type of integral manifold describes a CHo bundle of f^ab-orthogonal frames 
with reduced structure group Go. 

For general choices of the i?"^,^ the EDS is not involutive. We must (partially) 
prolong the system by introducing the extra field variables T\; the prolonged total 
space is J^Af x iL(R", g-i/flo). The prolonged EDS is generated by equations (O-®, 
(jlip. p2)) . Using (fTTj) . the Bianchi identities take the form of linear constraints 

(M;, • i?) Vr'a] = 0. (17) 

Some linear combinations of (jl2p reduce to algebraically quadratic constraints on the 
T\. In EDS theory, such algebraic constraints are called torsion [12]. In order for the 
prolonged equations to have solutions, it is necessary to constrain the prolongation 
variables so that all torsion vanishes. 



2.2. Higher order curvature homogeneity 

On a manifold of class CHi, the curvature tensor and and its covariant derivative 
Va-R'bc ^^'^ constant relative to some choice of moving frame. Consequently, there 
is a chain of 3 Lie algebras, call them fli C go ^ 0-i, such that R^j^^ ~ R%c ^'^d 
^ aR%c ~ ^"abcy '^ticre the latter are respectively, a go-invariant and a gi-invariant 
array of constants. We also have 3 groups of generators: Mp a basis of g_i/go. Ma 
a basis of go/gi, and M^ a basis of gi. In other words, a choice of i?"^ reduces the 
gauge/structure group from g_i to go; then, R°'^f,^ further reduces the group to gi. 
Since the R%^ are constant, we have 

i?",,, = (Mp.i?)",,r''„. (18) 



On curvature homogeneous Lorentzian manifolds 



5 



Since the Mj, Mx span the kernel of the action of g_i on i?"^,, by definition, one can 
fully back-solve the linear system (fT8|) to obtain F'^^j as a bilinear combination of 
and R\i,^- In describing a CHi geometry, it therefore suffices to specify a gi-invariant 
array of constants, F''^ = F''^, rather than an array of constants i?"^},^- 
The EDS for CHi geometry is given by equations dSj-lH]), and by 

r" - fP^ w'^ = (19) 

(MA-f)''„r^Au;" + it'',^a;^Aa;=-0, (20) 

where T^'j^^ are constants that are given, mutatis mutandi, by (I13p . The Bianchi 
equations (|17p act as linear constraints on the F''^. Certain linear combinations of 
(|20p may act as quadratic constraints. Even if these constraints are satisfied, the 
resulting EDS is, in general, not involutive; we have to prolong. As above, we introduce 
additional scalar variables F"**^ and additional field equations pT|) and p2)) . As a 
consequence of (ITT|) and (|^D|) . we have the linear constraints 

{Ux-V)\,T\ = \t\^. (21) 

As well, some linear combinations of the field equations p2)) reduce to algebraically 
quadratic constraints on the F\. Thus, it is necessary to constrain the and 
F^„ so that all torsion implied by HZ]), ^ vanishes. We define a CHi 

configuration to be a triple {R\^,V^^,Vi), where the is an array of go-invariant 
constants that satisfies (jlOp . where F''^ is an array of gi-invariant constants, and where 
Vi C iL(R", go/fli) is an algebraic variety such that the EDS generated by dS])-®, (fTT|) . 
(P|). (dSl), (HOI) on J'^M X Vi is torsion-free. 

An important subcase arises when fli = 0o [S]- In this case, the constants V^^ 
must be go-invariant, and must satisfy the linear and quadratic constraints 

(Mp.i?)";,,^^, =0, tV = 0. 

Since go/fli is trivial, no additional constraints can or need be imposed. The 
unprolongcd EDS on J'^M, generated by dS])-®, (HH) is involutive. The [n + Nq)- 
dimensional integral manifolds of this EDS are homogeneous spaces with go isotropy 
and structure equations 

duj" + M%f% A u;" + M%^T^ A w'' (22) 

dr« -t- ^Ci^r- A r'^ - ^R^,^ u;" a u;^ = 0. (23) 

We say that a CHi configuration is proper if the inclusion gi C go is proper. In seeking 
proper CHi geometries one must demand that the CHi configuration be proper. 

The general treatment of CHs, s > 1 is similar. Now one has to consider a chain 
of Lie algebras gs ^ ■ ■ • ^ go ^ 0-1, with Mp^, r = 1, . . . ,s a basis of gr_2/gr-i, 
with M\ a basis for Qs-i/Qs, and a basis for gs. The linear coordinates, F\, on 
£<(M", gs_i/gs), are prolongation variables. A CHs configuration is an (s -I- 2)-tuple 
{R'\^,T'^^,Vs), where R'\^ is an array of go-invariant constants, where each F''^ is an 
array of g^-invariant constants, and where Vs C £(M", g^^i/g^) is an algebraic variety 
such that the EDS generated hy ^ on J'^ M x Vs is torsion- 

free. The definition of involutive configuration is as above. An n-dimensional integral 
manifold with independence condition (|15|) describes a ^ab-orthogonal frame with 
constant ^ci...c^R°'b^b2b3^ — 0, 1, . . . , s. An {n + A^s)-dimensional integral manifold 
with independence condition p6p describes a bundle of ^at-orthogonal frames with 
reduced structure group Gg- 
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3. Proper CH2 geometries 

Henceforth, we assume that M is four-dimensional and that gab is the Lorentzian inner 
product. We will express our calculations using the NP formalism, which is based on 
complex null tetrads {e.a} — (m, m, n,^), i.e., the metric is given by 

gij du^du-' ~ ijj^iJ^ — ijS'ijj'^ , U3^ — 0;^, u)'^ — U3^, u}'^ = uj*. 

The connection components are labeled by NP spin coefficients: 

— a;i4 = au^ + pu}^ + tu)'^ + nu}'^; 0)23 = f-iu)^ + Xu)^ + i^uj'^ + tto;^; 

— — {uJi2 + (^34) = f3uJ^ + au)^ + "f(J^ + eo;"'. 

The curvature scalars are given by A, <^ab, ^'c, in the usual manner [17] . 

A proper CH2 configuration requires a chain of proper inclusions 02 C fli C 
00 C 0-1 so that 00 is the symmetry algebra of -R"^, and 0i,02 are, respectively, the 
symmetry algebras of P''^ , . If the Petrov type is I, II, or III, then one can fully 
fix the frame by setting Vl/o = ^'4 = and then normalizing or \l/3 to 1. In other 
words, A'^i — Nq = 0, and hence, by Singer's criterion, every CHi manifold of Petrov 
type I, II, or III is a homogeneous space. Proper CHi Lorentzian manifolds must, 
necessarily, be of Petrov type D, N, or O. These will be studied in a future work. 

A proper CII2 configuration, if one exists, can potentially arise in 5 ways. Only 
in case 5.2, do we obtain a proper CII2 configuration. A proper CH3 configuration, if 
one exists, is limited to the first 3 cases. However, since in each case we rule out the 
existence of a proper CH2 configuration, a proper CH3 configuration does not exist 
either. 

1) 00 — so(3). The curvature is that of a conformally flat perfect fluid. 

*A = *oi = $02 = *12 = 0. $00 *22 2$ii 

P''^ G span{K — 7f, (T — A, p — p,, T — D, a + (3, ei :— K(e), 71 := 5R(7) }. 

Bianchi identities imply that all P''^ — 0. Necessarily, 0i — Qq. A proper configuration 
does not exist. 

2) 00 =50(1,2). The curvature constants are 

*A = ^-oi = $02 = ^'12 = 0. $00 = *22 = -2$ii 

P''^ e span{K + 7f , tr + A, p + p, t + D, a + (3, ei, 71 }. 

Again, by Bianchi 0i — Qq- There are no proper configurations. 

3) 00 is three-dimensional, generated by spins and null rotations. The curvature is 
that of an aligned null radiation field on a conformally flat background: 

*A = *oo = $01 = *ii = $02 = *12 = 0. 
f''^ e span{K, (T,p,T, a + 71, ei}. 

The Bianchi identities imply k — a — p~0, T^2a + 2/3. If r = 0, then 0i — Qq. 
Performing a spin, as necessary, suppose, WLOG t — f ^ 0. Hence, 0i is generated 
by imaginary null rotations; P''^ G spanja — ^5,72 := 3(7), £2 := 5(e), X + p, vi, tti}. 
The NP equations for a CHi configuration give /3 = — a = |t, tti — — r, 
e2 = 0, A = — 24r^, A + ^ = — 17- These constraints describe a proper CHi 
configuration. However, the additional NP equations for a proper CH2 configuration, 
imply $22 — §71 — 2i/ir, 72 ~ 0. The last condition implies that 02 = 0i- Therefore, 
a proper CH2 configuration does not exist. 
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4) Qq is generated by spins and boosts, A^o = 2. Petrov type is D/0. 

*0 = *1 = *3 = *4 = ^00 = ^01 = *02 = ^12 = $22 = 0. 

f^i G span{«;, a, p, r, A, /j,, u, tt}. 

We require Ni = 1. There are 2 subcases. Neither admits a proper configuration. 

4.1) 01 = spins, K = a = X = v = T = IT = 0, {p, ^) ^ (0,0). Bianchi identities 
imply ^'2 = — p + jl = 0, p + p = 0. The NP equations, then imply = 0, and 
/i^ = 0, a contradiction. 

4.2) 01 = boosts, K = a = X = u = p = p = 0, {tjTt) ^ {0,0). By Bianchi, 
^'2 = 1^11, T = 7f. NP equations imply tt^ = 0, a contradiction. 

5) 00 is 2-dimensional, generated by nuh rotations. The curvature is nuU 
radiation/ vacuum with an aligned type N or conformally flat background: 

*o = *i = *2 = *3 = *oo = *oi = $11 = ^'02 = $12 = 0; 
f ''a e span{K, a, p, r, a, f3, 7, e}. 

To obtain a proper CH2 configuration, we require A^i = 1. WLOG, 0i consists of 
imaginary null rotations; e span{A + p, 1^1, tti}. This requires n = a = p = 0, 
a = P + T ^ 0. We use a real null rotation to set 71 = 0. There are two subcases: the 
singular case 72 = 0, and the generic case 72 7^ 0. 

5.1) Suppose 72 = 0. The CHi NP equations give T2 = /32 = 0, A = -24t'^, 
*4 = *4, TTi = — n, 72 = 0, A = —p. However, the last 3 equations imply 02 = 01- 
Therefore, no proper CH2 configurations are possible. 

5.2) Suppose 72 7^ 0. The CHi NP equations and Bianchi identities give T2 = 0, 
/3 = ri/2, A = -24rf, ^'4 = 3$22, tti = -n, X = -p - f 72. Wc ask that N2 = 0; 
r\ S span(A — p, 1^2 ■'n'2 }■ This requires 72 7^ 0. WLOG, an imaginary null rotation 
normalizes 1^2 = 0, and a boost normalizes 72 = |. The CH2 NP equations then imply 

7r2 = 0, M= f (4 + $22). 

The EDS for the resulting proper CH2 configuration is generated by a Pfaflaan 
system (1-forms and their exterior derivatives), 

u}(^ab) = 0, W[i4] = -riw^ u}[34] = -2ti(w^ + w^), c<;[i2] = Ti(a>^ - u>^) - 3iu:^, 
W[i3] = - J^) - Tiu:^ - ^(3 + 2$22)(w^ + w^) - (1/2 

and an additional 2-form, 

3i 

dv2 Ao;^ = — (4 + $22)('^^ -'^^) Au;^ -3i/2n('^^ + u;^) Au}^ + 'iTxU^ Au'^. 
5 

Here t\ ^ 0, <&22 7^ are real constants. The total space is I^M x R, with V2 the 
coordinate of the extra factor. Cartan's test yields sq = 16, si = 17, 82 = 12, S3 = 8, 
S4 = 4, which proves that the EDS is involutivc. Subtracting (16,16,12,8,4), the 
parameter counts corresponding to a choice of local coordinates, we infer that, up to a 
local diffeomorphism, the general solution depends on 1 function of 1 variable. Indeed, 
an exact solution can be given: 

= ^ ^(1 + 3iu)dr + 3idu - e'^ (su + i (cfC2 + ^u^ - ^ dx^ (24) 

= e'~dx (25) 
= dv + 3{C2U + v)dr + (f{x)e-^''' +6'' - 9uv - ^02(1 + 18u^)]\ dx{26) 
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where x,r,u,v are coordinates; f{x) is the functional parameter; Ci,C2 are real 
constants such that Ti = Ci, ^22 = -4 + ^CfC2, V2 = -f Ci(3C2U + 2v). 

Finally, we note that, since 0, it is impossible to refine the above to a proper 

CH3 configuration. 

Acknowledgments 

The research of RM is supported in part by NSERC grant RGPIN-228057-2004. 
References 

[1] Buekon P 1997 J. Geom. Phys. 22N 349-362 

[2] Buokon P and Vanhecke L 1997 Class. Quantum Grav. 14 L93— L96 

[3] Buokon P and Djoric M 2000 Ann. Global Anal. Geom. 18 85-103 

[4] Dolan P and Gerbcr A 2004 J. Math. Phys. 45 310-326 

[5] Dunn C, Gilkoy P and Nikcevic S Preprint ma th.DG/0408316| 

[6] Estabrook F B 1987 Acta Appl. Math. 8 293-319 

[7] Estabrook F B and Wahlquist H D 1989 Class. Quantum Grav. 6 263-274 

[8] Estabrook F B 2006 Cla.ss. Quantum Grav. 23 2841-2848 

[9] Fels M E and Ronner A G 2006 Ganad. J. Math. 58 282-311 

[10] Gilkey P and Nikcovic S 2005 Ann. Global Anal. Geom. 27 87-100 

[11] Gilkey P The spectral geometry of the riemannian curvature tensor Preprint 

[12] Ivey T A and Landsberg J M 2003 Cartan for beginners: differential geometry via moving frames 

and exterior differential systems (Providence, RI: AMS) 

[13] Kobayashi S 1972 Transformation groups in differential geometry (Now York, NY:Springer- 
Verlag) 

[14] Kowalski O, Tricerri F and Vanhecke L 1992 J. Math. Pures Appl, 71 471-501 

[15] Kowalski O and Vlasek Z 1998 Bull. Belg. Math. Soc. 5 59-68 

[16] Podesta F and Spiro A Introduzione ai gruppi di trasformazioni Preprint 

[17] Stephani H, Kramer D, MacCallum M, Hoenselaers C and Herlt E 2003 Exact solutions of 

Einstein's field equations (Cambridge: Cambridge University Press) 

[18] Sekigawa K, Suga H and Vanhecke L 1992 Comment. Math. Univ. Carolin. 33 261-268 

[19] Singer I M 1960 Comm. Pure Appl. Math. 13 685-697. 



